Abstract: The properties of γ instability in rapidly rotating even-even 132−138 Nd isotopes have been investigated using the pairing-deformation self-consistent total-Routhian-surface calculations in a deformation space of (β2, γ, β4).
Introduction
Atomic nuclei exhibit a variety of shapes which are generally sensitive to the single-particle structure, the collective behavior and the total angular momentum. Study has revealed that most of deformed nuclei possess axially symmetric shapes (prolate or oblate), which was confirmed by the observation of rotational band structures and measurements of their properties [1] . Nevertheless, evidence for nonaxial γ deformations (or softness) has so far been widely found in nuclear spectroscopy. For instance, some amazing characteristics caused possibly by the γ deformations, such as wobbling, signature inversion (or splitting)and chiral doublets, were observed in many nuclei [2, 3] . One expects that potential energy surfaces that are γ soft or which display deep minima with nonzero γ value would produce rather different nuclear spectra, but it is not the case. Indeed, the question of whether non-axially-symmetric nuclei are γ soft or triaxial has been an ongoing and active issue in nuclear structure physics for over fifty years. It has been investigated extensively using theoretical approaches that are essentially based on a rigid triaxial potential [4] and a completely γ-flat (γ-unstable) potential [5] . A further discussion on signatures of γ softness or triaxiality in low energy nuclear spectra was performed about 20 years ago by Zamfir and Casten [6] . During the past several decades, numerous studies have been carried out in terms of various theoretical approaches including mean-field models and beyond mean-field models. More recently, total-Routhian-surface (TRS) calculations have been carried out for even-even germanium and selenium isotopes to search for possible stable triaxial deformations of nuclear states [7] . The γ softness in medium-heavy and heavy nuclei has been investigated in the framework of energy density functionals [8] .
However, despite considerable effort, the precise description of axially asymmetric shapes and the resulting triaxial quantum many-body rotors still remain open problems. It is well known that many of the nuclei in the A = 130 ∼ 140 mass of transitional region show the interesting characteristic feature known as the triaxiality or a high degree of γ-softness, which arises from the interplay of the valence protons and neutrons occupying respectively low-lying and high-lying Nilsson orbitals within the h 11/2 j-shell [9] . Their nuclear spectra usually can be satisfactorily described using the corresponding O(6) dynamical symmetry of the interacting boson model [10] . In the present work, we perform TRS calculations with the inclusion of the γ deformation for several selected even-even 132−138 Nd isotopes in this mass region, focusing on their evolutions of γ-softness or triaxiality with rotation and providing a test for present model. We have investigated the evolutions of octupole-softness in rotating 106,108 Te and neutron-deficient U isotopes using the similar TRS calculations [11, 12] . Experimentally, the high-spin behaviors in even-even have been studied and interpreted on the base of triaxial shapes [13] [14] [15] [16] [17] . More-over, the quasi-γ bands have been identified in these nuclei [10, [17] [18] [19] [20] , even the multiphonon γ-vibrational bands in 138 Nd [21] .
The theoretical framework
The TRS calculation applied here is based on the pairing-deformation-frequency self-consistent cranked shell model (CSM) [22, 23] . Such approach usually accounts well for the overall systematics of high-spin phenomena in rapidly rotating medium and heavy mass nuclei. The total Routhian, which is called "Routhian" rather than "energy" in a rotating frame of reference, is the sum of the energy of the non-rotating state and the contribution due to cranking,
The energy E ω=0 (Z, N,β) of the non-rotating state consists of a macroscopic part, being a smooth function of Z, N and deformation, and the fluctuating microscopic one, which is based on some phenomenological single-particle potential, that is,
where the macroscopic term is obtained from the sharpsurface standard liquid-drop formula with the parameters of Myers and Swiatecki [24] . The microscopic correction part, which arises because of the non-uniform distribution of single-particle levels in the nucleus, mainly contains a shell correction and a pairing correction:
These two contributions both can be evaluated from a set of single-particle levels. Cranking indicates that the nuclear system is constrained to rotate around a fixed axis (e.g., the x−axis) at a given frequency ω. This is equivalent to minimizing the rotation hamiltonian H ω = H−ωI x instead of the hamiltonian H with respect to variations of the mean field. For a given rotational frequency and point of deformation lattice, this can be achieved by solving the well known Hartree-Fock-Bogolyubov-Cranking (HFBC) equations using a sufficiently large space of single-particle states. Then one can obtain the energy relative to the non-rotating state at ω = 0, as mentioned in Eq. (1) . After the numerical calculated Routhians at fixed ω are interpolated using cubic spline function between the lattice points, the equilibrium deformation can be determined by minimizing the calculated TRS.
Note that nuclear shape is defined by the standard parametrization in which it is expanded in spherical harmonics Y λµ (θ, φ) [25] . There is a fundamental limitation in λ, because the range of the individual "bumps" on the nuclear surface decreases with increasing λ and should not be smaller than a nucleon diameter obviously [26] . A limiting value of λ < A 1/3 can be obtained by a crude estimate [26] . Therefore, the deformation parameterβ includes β 2 , γ, and β 4 where γ describes triaxial shapes. Single-particle energies needed above are obtained from a phenomenological Woods-Saxon (WS) potential [25, 27] with the parameter set widely used for cranking calculations. During the diagonalization process of the WS hamiltonian, the deformed harmonic oscillator states with the principal quantum number N 12 and 14 have been used as a basis for protons and neutrons, respectively. The shell and pairing corrections at each deformation point are calculated by use of Strutinsky method [28] and Lipkin-Nogami (LN) method [29] , respectively. The Strutinsky smoothing is performed with a sixth-order Laguerre polynomial and a smoothing range γ = 1.20 ω 0 , where ω 0 = 41/A 1/3 MeV. The LN method avoids the spurious pairing phase transition encountered in the simpler BCS calculation. In the pairing windows, empirically dozens of single-particle levels, the respective some states (e.g.,half of the particle number Z or N ) just below and above the Fermi energy, are included for both protons and neutrons. Moreover, not only monopole but also doubly stretched quadrupole pairings are considered. The monopole pairing strength, G, is determined by the average gap method [30] and the quadrupole pairing ones are obtained by restoring the Galilean invariance broken by the seniority pairing force [31] . Certainly, pairing correlations are dependent on rotational frequency as well as deformation. During solving the HFBC equations, pairing is treated selfconsistently and symmetries of the rotating potential are used to simplify the cranking equations. In the reflectionsymmetric case, both signature, r, and intrinsic parity, π are good quantum numbers.
Results and discussions
The present TRS method, similar to most of the existing cranking calculations, assumes that the rotational axis coincides with one of the principal axis (the x axis is generally chosen) of the triaxial potential including β 2 , γ, and β 4 deformations. In the actual calculations the Cartesian quadrupole coordinates X = β 2 cos(γ+30
• ) and Y = β 2 sin(γ + 30
• ) were used, where the parameter β 2 specifies the magnitude of the quadrupole deformation, while γ specifies the asymmetry of the shape. In the Lund convention adopted here, the triaxiality parameter cover the range −120
• γ 60
• and the three • ] represent the same triaxial shapes but represent rotation about the long, medium and short axes, respectively. Certainly, for γ = −120
• (prolate shape) the nucleus rotates around the prolate symmetry axis and for γ = 60
• (oblate shape) around the oblate symmetry axis. For γ = 0
• (prolate shape) and for γ = −60
• (oblate shape) the nucleus has a collective rotation around an axis perpendicular to the symmetry axis. [32] [33] [34] , showing that our results are close to the experimental values though there is still a systematic underestimation for β 2 . The negative β 2 of 138 Nd given by Möller et al [32] indicates this nucleus is oblate, which is different with our results and experiments. As expected, the ground-state β 2 deformations of these nuclei increase as the neutron number N moves away from the closed shell N = 82. The calculated γ values are generally in agreement with the calculations by Möller et al [33] except for that in 134 Nd. Note that the nucleus with ±γ deformations (e.g. in 138 Nd) has the same shape, as mentioned above. The β 2 deformations in these nuclei almost keep constant as a function of rotational frequency. The change of γ value may provide the evolution information of the triaxial shape and rotational axis. As shown in Fig.1 , it can be easily found that 132 Nd has a prolate shape with γ = 0
• . 134,136 Nd exhibit the evolutions of the rotational axes from the short-axis to medium-axis to short-axis, moreover, 134 Nd has a prolate collective rotation beyond ω = 0.4M eV . For 138 Nd, the nucleus with γ ≈ −29
• rotates around the medium axis at first and then a shape transition from the prolate-triaxial to oblate-triaxial takes place at ω ≈ 0.2M eV , the nucleus with γ ≈ −84
• begins to rotate around the long axis. For transitional nuclei, the level scheme is more complicated than that of spherical or well-deformed nuclear shape. Theoretical studies are usually model-dependent because their equilibrium shapes are generally soft and strongly affected by the mean-field and pairing potential parameters. However, the rigidity or softness of the nucleus, which can not be seen in Fig. 1 , is almost independent of model parameters. To visually display the nuclear softness in both β 2 and γ directions, we show the corresponding energy curves in Figs. 2 and 3 . At each nucleus, four typical rotational frequencies are selected to investigate the softness evolution with rotation. One can see the rotational effects on the quadrupole deformation β 2 are small, as shown in Fig. 2 , implying that the shapes are basically rigid against β 2 variation. On the contrary, Figure 3 shows that the energy curves as a function of γ deformation are strongly affected by the cranking. At the ground states, the triaxial minima are rather shallow. Theoretical and systematic studies indicate that the N = 76 nuclei are more γ-rigid than their neighbors with other neutron number [19, 35] . It seems that the depth of the triaxial minimum in 136 Nd 76 is indeed largest. The evolution of the softness and depth of the minimum is clearly presented under rotation, including that of the non-yrast minimum. For instance, the prolate-obalte shape coexistence observed in experiments [36] can be found in 134 Nd, as shown in Fig. 3 , and the similar situation exists in 132 Nd. In 136,138 Nd, the coexistence of prolate-triaxial and oblate-triaxial shapes is possible and awaits experimental confirmation. The quantity E S /E(2
, can be as a global signature of the structural evolution involving axial asymmetry [37] . In the extreme γ-unstable limit [5] , the value of E S /E(2 Fig. 4, showing also Gd. One can see a general decrease in E S /E(2 + 1 ) with increasing N , which illuminates the increasing of γ softness in these isotopes. The observed rapid decrease from 0.99 ( 132 Nd) to -0.45 ( 138 Nd) in E S /E(2 + 1 ) in the Nd isotopic chain reflects the structural change from a nearly axial rotor with the smallamplitude γ vibrations to a large-amplitude γ-soft dynamics. The γ-soft properties of even-even 134−138 Nd, as shown in Fig. 3 , are also supported by the negative E S /E(2
138 Nd is somewhat smaller than the empirical value of E S /E(2 + 1 ) ≈ 0.5, which is characteristic of the critical-point nuclei in terms of maximum γ softness between prolate and oblate shapes. It should be noted that a critical point of a prolateCoblate phase transition in γ-soft nuclei is discussed in the context of the O(6) limit of the interacting boson model, along with an interpretation in terms of Landau theory. This is in good agreement with our calculated results of γ ∼ 29
• in ground state, as shown in Fig. 1 . Our calculations show that the quantum phase transition from triaxial-prolate to triaxial-oblate shapes at 138 Nd occurs at low-lying rather than ground states. The calculations of Möller et al [32] indicate, however, that such phase transition has already taken place at 138 Nd (β 2 < 0). Figure 4 also shows that 138 Nd with the lowest E S /E(2 + 1 ) value is the γ-softest nucleus in this mass region. Indeed, 138 Nd exhibits rather γ-vibrational behavior experimentally, as demonstrated by the observation of the properties expected for rotational bands built on one-γ and two-γ -phonon states [21] . This is also supported by the study of Gizon et al [39] where it is deduced that a shape change across γ ≈ 30
• from prolate to oblate occurs between the N=77 and N=79 Nd isotopes.
The energy staggering of the odd-and even-spin levels of a γ band usually can be viewed as an important structural indicator to distinguish between γ-rigid and γ-soft asymmetry [6] . In such two different cases, though the energies of the ground-state band are similar, the γ band nevertheless exhibits a different energy staggering. That is, the γ-band levels of a rigid triaxial potential form couplets arranged as (2 + γ ), ... . Therefore, odd-even staggering in a γ band can be studied using the quantity [40] 
in which the energy differences are normalized to E(2 + 1 ). Obviously, the sign of S(I) is a strong indicator of the nature of the γ degree of freedom. For a rigid triaxial potential, S(I) will exhibit an oscillating behavior that takes on positive and negative values for even and odd spins, respectively. In both the vibrator and limits, an opposite phase appears in S(I), namely positive for odd spin and negative for even spin. Moreover, the overall magnitude of S(I) is larger in the γ-soft limit and increases gradually with spin compared with the vibrator predictions that are smaller in magnitude and constant. For an axially symmetric deformed rotor, the S(I) values are positive, small, and constant as a function of spin [40] . 136 Nd, one can see a rapidly increasing staggering which may indicates the γ softness increases with increasing spin. It should be noted that if the experimental data suggested in Ref. [21] are used the S(6) value will be positive, which is not expected for a γ-soft case. If this is actually the case, it will be necessary to reveal the mechanism behind this anomalous behavior. These properties are basically consistent with the ω-dependent energy curves, as shown in Fig. 3 . To investigate the evolution of γ softness with rotation, it will be of interest to further identify the highspin levels of the γ band in future experiments.
Summary
In summary, doubly even 132−138 Nd nuclei have been investigated in terms of the TRS calculations in the (β 2 , γ, β 4 ) deformation space, focusing on the evolution of the γ-softness and triaxiality with rotation. Compared to other calculations and experiments, the equilibrium deformation parameter β 2 and γ are evaluated and it indicates our results are closer to the experimental values. In these soft nuclei, the existing differences of the equilibrium β 2 and γ deformations between present work and other calculations may be attributed to model parameters in a large extent. The nuclear softness in the β 2 and γ directions are displayed using the corresponding energy curves at several selected rotational frequencies. As the important structural indictors of axial asymmetry, the quantities S(I) and E s /E(2 + 1 ) are analyzed and discussed. The general trends are agreement with our calculations. Meanwhile, it is pointed out that more detailed data, especially in the γ band, is needed to investigate and confirm the γ-softness evolution in 132−138 Nd. Also, it should be noted that the present method does not include the effects of rotation-vibration coupling, nor does include a tilted-axis-cranking calculation, but can provide a qualitative description of γ correlations that are at least consistent with some observed properties in some extent. A more reasonable calculation, which is our future work, should take these effects into account, especially for the transitional soft nuclei.
